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G-, F-, AND r-MATRICES FOR XYMZ MOLECULES OF CNV SYMMETRY

KEY WORDS: XY,7Z molecules (Chv)’ logarithmic steps method

9384 Mahmoudi and Edgar Wendling
Université de Metz, U.E.R. des Sciences Exactes et Naturelles,
Ile du Saulcy, 57000 Metz(France)

XYAZ molecules or ions with a square-pyramid structure
(Chv) are relatively rare. This explains the infrequency of
investigations of their vibrational spectra, with analysis in
normal coordinates and computation of the mean-square ampli-
tudes of vibration.

In order to determine the force constants, the authors:
(1) have mainly used simple force fields such as the Urey-

-Bradley’’? force field(U.B.F.F.),the modified U.B.F.F.> 0
the orbital valence force field7(O.V.F.F.), and simp-
lified valence force fie1d58_17. For the latter, they cal-
culated 8 to 12 constants of a foreseeable total of 20
within the framework of the generalized valence force field

8

(G.V.F.F.). Only Goulet1 used the G.V.F.F. and determined

all the constants for ClFS. Unfortunately, for five of

these:fRa’fra’f;a’fae and fés,the values are meaningless;

(2) did not use the general g-matrix accounting for three pos-
sible types of structure for an XYMZ group with CHV sym-
metry: as shown in the figure, the X atom, in effect, can

be above, in or below the plane of the four Y atoms.The g-
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matrices proposed by Stephenson8 and Khanna9 are intended

to be general, but they are in fact incorrect (see remark
concerning the U-matrdx). Moreover, these authors set the

ratio p=(re/Re) at 1 (see figure).As for the g-matrix sug-

O, it is specific tc the case in

19

gested by Begun et al1

which 8=90°, whereas that of Brunvoll and Cyvin has not

been published.

Hence it proved interesting to reconsider the determina-

tion of G-, F-, and r-matrices, in order to compute all the

force constants f and mean-square amplitudes of vibration o of

the

to the logarithmic steps method (L.S.M.)

XYMZ (Chv) within the framework of the G.V.F.F.,and thanks
20,21

The notations used here are similar to those in References

20 and 21, and are therefore not redefined here.

Only the results will be given here, but it can be readily

seen from the tables that formal analogies exist between the

G";

F-»

F'~, and '~, the g*-, F'-, and -, and finally the g-,
and r-matrices

For a molecule XYMZ of Cuv symmetry, the numbering of the

ligands and the notation for the internal co-ordinates can be

seen from the figure.
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The general quadratic potential function may be expressed
2V 8 R F'ﬁ. R is the column matrix(Arl, br,, APB, Ary s bag s,
Buyg, Bagy, Buyy, AR, AB oy AByg, AByg, 88ys) - K is its trans-
pose. Then, the elements of the 13x13 g'-, F’-, and 1’'-matrices
can be written as indicated on table 1. The expressions for the
6'-, and F’-matrix elements are given in table 2. Mys Hys and
Wy denote respectively the reciprocal masses of the atoms X,Y,
and Z. The expressions for the r’-matrix elements are derived
from those of the f’-matrix by substituting ¢ for £, |(1/re)c|
tor |r f|, [(1/2)e] for [#2f], |(1//F 7 )o| for |(/r R )|,
|(1/z R, )o| for |(reHe)f|, and |(1/r /v R )a| for |(re/?;§;)f|,

whereby the indices remain unchanged.
The G.V.F.F. leads to 20 force constants and to 20 mean-
-square amplitudes of vibration. Their corresponding defini-

tions are readily derived from table 1.

TABLE 1
G'~, F'-, AND ['-MATRICES

Arl Ara Az‘3 Ar4 Aa12 Acmz‘3 A“,‘;q A(IJI AR ABIS AB% AB}& ASA.‘S
Ar'1 A B c B D E E D I J )4 L K
Ar'2 A B o} D D E E I K J X L
Ar.? A B B D D E I L K J K
AJ‘4 A B E D D I K L K J
MIZ F G H [¢] M N N o] [¢]
AGZS F G H M [¢] N N Q
AuM F G M 0 o] N N
Aaﬂ F M N o] 0 N
aR P Q Q Q Q
A815 R S T S
ABZS R S T
“35 R S
AB45 R
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TABLE 2
G'-MATRIX ELEMENTS F’-MATRIX ELEMENTS
A Gr L SR f,.
Bla, = coszsux For
¢ | 6, = (2c05% - 1)uy .
D[ G, = =(1/r,)aing/T ¥ coa P uy v, Foo
E | 6p, = -(1/r,) [sins(3cos?e-1)//T % co5-8)uy n £l
Fla, = (1/r0)(2sin%su, + 2uy) g,
G Gua = (llrz)[sinzﬂ/(l + cosQB)](Hcoszsux - uY) 1-5 faa
H| 6y, = (1/22) [2sin®8(3c0s%s - 1)/(1 + cos®8)]uy e
I GrR = cose uy fz-ﬂ
J Gre = -(1/re)psin8ux ./,.—;E fr'B
K | Grg = -(1/r,)cosB sinpuy /;;ﬁ: "
L G;B = -(1/re)sin8(2cosB-D)ux /Ef;:ﬁ
M| Gg, = =(1/r,)(2c0s8 sina/m2ﬁ)yx *, fRra
N o, = (1/r§)(1//1_+c—£2§)[sineﬂ(cossm)pxmossuyl rev’;—e'ﬂ_; fas
0 | 63, = (1/r2)[(3c0s8-0)5in?8/ YT+ Coa B]uy » SR Pl
P GR T uy toug fR
Q GRB = -(1/re)sinﬂux /r—a_R:fRB
R |6, = amdla+ 93-2ocosa>ux + g+ ou,] r R, f,
s GBB = (1/r§)sin28ux reRe fap
T G'BB = -(1/:!5)([02 -1 - 2cosB(p—cosB)]ux + pzuz} peRe f.éa

Remarks about units:

In order to express all the force constants of the

1 22

o_
G.V.F.F. in mdyne A ~, we have, as suggested by L.H.Jones"“<,

multiplied:
. the bond-angle interaction constants of type fre’ by r,
the angle-angle interaction constants of type fee" by roré
2

. the angular deformation constants of type fe, by r,

where =Vr,r. and r'!= ¥r'r»! . ». (or »!) and ». (or »!) are
tr J T J z T J J

o 0
the lengths at equilibrium of the bonds forming the angle @

(or 8t).
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The orthogonal matrix U is formed by the 13 following
symmetry coordinates: S;(A;), S,(A,), SB(Al)’ Sy (By), 55(31),

a

The basic equation UG’S o g leads to a blocked out
diagonal G'—matrix , with the elements noted 'O*' all null
(see below). Similar equations are applicable to the ' and
! matrices, and also lead to blocked out diagonal F*-,
and r*-matrices.

The elements of the g*¥-, F¥-, and r®-matrices can be writ-
ten as indicated on table 3. The various elements are assig-
ned as follows: 1,1; 1,23 1,33 2,2; 2,3; and 3,3 refer to the
normal vibrations vl(Al), vz(Al), and v3<A1)' 4,45 4,5, and

5,5 refer to “M(Bl) and v (Bl)' 6,6 refers to v6(B2). 7,75 7,83

5
7,9; 8,8; 8,9; and 9,9 refer to vY(E), v8(E), and “9(E)' The

elements 1,10; 2,10; 3,10; and 10,10 are noted rott, The

TABLE 3
6*-, F*-, AND £*-MATRICES
1,1 1,2 1,3 ] 0 0 0 0 0 o 2ot o 0 0
3
[+
1,2 2,2 2,5 | o 0 0 0 0 o 30" o a 0
S
[+]
1,3 2,3 3,3 |0 0 0 0 0 o g of ¢ 0 0
o
4,4 4,5 | 0 0 0 0 S0 0 0 0
[+]
4,5 5,5 {0 0 0 6 8o 0 0 0
2
H
6,6 { 0 o 0 S0 o ¢ 0
S
Q
] TS 7,8 7,930 0 0 0
S
S Y M, 7,8 8,8 8,920 0 0 0
3
] 8
X J7,9 8,9 9,90 0 0 o
000000000000 ON00OC000KEE00000000RP0A000ONCO0OOCOD
ot | o 0 0
-
7,7 7.8 7,9
7,8 8,8 8,9
7,9 8,9 9,9
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existence of the redundant coordinate SlO(Al) leads to the voi-
ding of these elements.
In the literature we noted the symmetry coordinates pro-

9 10, PillaiB, Brunvoll19

posed by Stephenson8, Khanna“, Begun
and Ramaswamyu. By comparing these symmetry coordinates (after
uniformization of notations), one observes:

- that only the U-matrix of Brunvolllg is not orthogonal;

- that the symmetry coordinates SiO(Al) of Stephenson8 and

Khanna9 do not nullify all the elements noted 1ot irrespee-

tive of the value of the angle g. It follows that the U-
matrices propecsed by Stephenson8 on the one hand, and Khanna9
on the other, are not acceptable, and lead to incorrect g%
matrices;

O, Pillai3 and Ramaswamyu,

- the U-matrices proposed by Begun1
all three orthogonal, lead to the same G*—matrix and nullify
all the elements noted ‘O+’ irrespective of the value of
angle B: they are said to be equivalent.

Remarks:

- The symmetry coordinate noted S(E) by Begun10 is erroneous.
This is certainly due to a typographic error. It must be
written S(E)=(1//§)(-Aa2+Am”) instead of: (1/2)(—Au2+Aau).

- This applies alsco to the symmetry coordinate noted slla by
Ramaswamyu. The latter must be written:
s11a=(1//§)(Ad1—Ad3) instead of: (1//2)(ad;-ad,).

By adopting one or the other of these three latter U-mat-
rices, one can determine the expressions of the elements of
the g%-, and F*-matrices. Those expressions are given in table
Y and 5. The ®-matrix elements can be derived from those of

the F¥-matrix in the same way as for the £’-, fF'-matrix pair.
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TABLE 4
6" -MATRIX ELEMENTS

7,9

iy toug

2cosp uy

. = 2 2
(- 1/r,) [2s5ing /(Geos®8 + 1)/{1 + ¢os 8) 1wy
4cos B uy touy
(-1/re)fucosssin6 /(Gcos B + 1)/(1 + cos°B H uy

(1/r§)([16cosus/(1+c0528)+9cosze+1][Hsingﬂ ux+uY])/(5cos2a*1)

By
0

2
e

2 2
(1/7) [#/(1 + cos®B) ] By

(1/r°} Hy

251n23 uyg * oy
(1/re) [2sing (cosB - p)] My

(- 1/r_)(2/7 sin’

g/ /1T + cos2ET My
2

(l/re)[E(p-cose)2 uy *ouyg + 2 pzuZ]

(1/2) /7 [23in’8(p-c056) uy + coss wy] / /1T ¥ co5°g)
2 L b 2

(1/»2)([us1n B/(1 + cos“B)] uy + 2 uy!

0

0

0

0

The 9%9 submatrix shown in the upper left corner of the

953

table 3% indicates the distribution of the G-, F-, and I-matrix

elements.

Remarks:

- Owing to the molecular symmetry, the element Gy 5 is null so
L

that necessarily and T o 0, for all XY, Z groups with
Fu,s 4,5 ’ 4

CMV symmetry.

- With respect to blocking off, note that F’ and ¥

are rela-

follows:

Y
ted by the basic formula: F*z UF'U. Any element F:s can thus
be written in the form of a linear combination as
n n
¥* ’
Fo. = & r (U.,U..)F
ij ¥=1 1=1 ik j1 k1l

where n = order of F', F*_, and U-matrices.
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TABLE 5
F* -MATRIX ELEMENTS

1,1 f

R
1,2 2er
1,3 2N2refﬂu - 2N1¢reﬂe fRB
'
2,2 fp + Efrr* frr

2,30 AN, p (F, #f0) - NyIr R (4 2 gt £y)
3,3 | N3 p2 (r v 2f 4 FL) - MN N VERD (Fog v Fa)
¢ Mip R, (fg * 2 Fga* fgo?

4,4 fr -2 fﬂ¢ f'”

55T e B (g = 2 St I

5,5 reRe (fs T2 Fggt féB)
6.6 | 12 (F, = 2rpg * L)
7.1 fr' - fz’-.v'

7,8 reRe (frﬂ - f:B)

159 | n /7 (- FI)

8,8 rene (fB - féB)

8.9 /Fre reRe (faﬁ - fn:B)

2

9,9 Tg (fu - fc;m)

1,10] 2Ny f, * 2N, /E R, fro=0
2,100 2Ny ¢ (f ) ¢ NoVo R (f g+ 2 flgr fg) 3 0

2 2 2
3,00 | NyNow® (f + 2F, ¢ f1) + 2(N; - Ny) e /2 R (F g +fap)

+ r
ra fra

- 'y e
2"1”2 r R, (Fg+ 2 fogt fgp) = 0
2
10,10 Ny o (F + 2 Fo ¢ fL) + L NN, p /o R (f o+ £
2 ’ -
+ N2 ,.gﬁe (fs«r 2 fBB+ fBB) = 0

The F?j elements may be non-null and are noted 'i,j' in
table 3. They may also be nullified:

. when all the products (U. ) are null. These elements

1kUj1
are noted '0' in table 3;
when the sum is null, without all the products (UikUjl)
being null. These elements are noted 10t in table 3.
Finally, the equations relating the force constants are

those for which the products (UikUjl) are not all null,
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namely, those which are related to the elements noted 'i,j!
and 19T in table 3.

For all groups which we investigated XYM’ XYBZZ’ XY6,
XY5Z2 and XY,Z (see references in 23), the number of equa-
tions previously defined is equal to the number of force
constants (of the G.V.F.F.) of the group in question.Hence
in every case wWe have as many equations as unknowns, and the
resolution of such a system yields precisely the result of
the blocking off. The solutions of the system of 20 equations

with 20 unknowns{the force constants f) obtained for an XYuZ

group is shown in table 6.The expressions of ¢ are derived

TABLE 6
Fos (WF, 0 (/MIFy v (172)F; 4
Top= (170)F, 5 = (W/DFy
Fon= (R, 5+ (/T ~ (1/2)F,
"o Fraz (N/00¥, o ¢ (N /0O, ok (VEIE
’: Fraz (NSIN)F2’3 © N E, o= (UB)E o ;
’; fa = (NEIU)F3,3+(N1N2/2)F3’10 +Fg 6 s (1;2)F9’9 + (NJ/MIFy g 10
”; foaz (NZ/HOPy s+ (N N, /20F, (o = (1/8)Fg ¢ + (N{/F, 0
To faas (Ng/h)F3’3+(N1N2/2)F3’10 + {UN)Fg g - (1/2)Fg o + (Nf/u)Flo’lo
. Frg= (/2w
i;i;i ;i3=-(N1/“)F2’3 £ N /R, Lo (U/IFy o+ (1/2)F o
i TEI-(N)/HOF, 5+ (N /OF, 4 = (L/DFy o
e Thes-(N /0F, 5 ¢ (Ny/8dk, o+ (1/F, o = (1/2)F, 4
r -
. /;_Ei iRu: (Ny/2)F) 5 + (N1/2;F1é10 ]
,e/;iﬁi fu:s-—(NlN2/u)F3’3 + [(Ng-ué)/ulp3,1o + (17 g g * (NN,/WIF o 4
e Tee Tag=-(N N WP 5 ¢ [(NG-NY/AIRy o0 - (1//BIRg o & (N,/00F,, 0y
Trew ,
Tefe Fra=-cu s2)F 5 + (CNEDL I
Tefe Foo (/WP 4 - (NNp12)F o+ (1/W)F, o« (1/2)Fg g + (NG/WIF 1o
Tefe Faas (NI/M)Fy 4 = (NNy/2)Fy o - (1/B)Fg o+ (N3/W)F o Lo

rR_fl.. 2 - . 2
e ‘8Bz (Nllu)F},3 (N N,/2)F + (1/u)v5’5 - (1/2)?8’8 + (NE/")F10,10

3,10
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from those of f just as the elements of r'-are derived from

those of FL, and by replacing F by &
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